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Topics for todays class

Inertial properties of rigid bodies

. Definition of the inertia matrix
. Angular momentum and KE in terms of the inertia matrix

. How to calculate the inertia matrix

. Changes to the inertia matrix caused by rotating a body

. Simplified formulas for 2D problems

1
2
3
4
9. Understanding the inertia matrix
6
7. The parallel axis theorem

8

. Proofs of all the formulas (optional!)
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6.4.2 Example: Find the mass moment of inertia matrix about the
COM for the simple system of particles shown

com is at omgm = T, =-Lg
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6.4.4 Example: The system rotates about the k axis with angular

speed @.. Find formulas for its angular momentum and kinetic
energy:

(@) Using the formula in terms of the inertia matrix

(b) By summing the contributions from the individual particles
directly

@) Formnla. h, = ch % ,_mlé +Le W
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6.4.5 Example: Find the mass moment of inertia matrix for the cone
shown

(a) About the COM
(b) About the origin

Do mtegy/ m polar cosrols
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6.4.6 Inertia matrices for 3D bodies

et 0 0
Prism M s 2
M = pabc 12 0 =¢ qﬂ
0 0 a*+¥
13232 0 0o |
Solid Cylind 2 S
ylinder M0 132 0
M=1pa“L 12
0 0 6a* | I
Selid Come 12 1+ i / (4a*) 10 1 0
v=x pah 'm 0 1+ k" /(4a*) 0
3 0 0 2




Inertia matrices for 3D bodies

1 1 0 0
'5 010
—~—— 001

1 -
Solid E lipsoid yloze 00
M=iﬂ'pa!r 5 0 a +c* 0
: 0 0 & +b?
L +3(@ +5%) 0 0
Hollow Cylinder M - n o
— 0 I" +3(a" + 5%) 0

M=mp(5* —a*)L .
0 0 6(a” +5%)
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Example: The prism rotates with angular speed @.
about the k axis. Find

(a) The time derivative of the inertia matrix

(b) The inertia matrix after a 45 degree rotation

Use Formulas . b o o
From +ables Tg =M1 | O a*ec* o
Z 1 o5 o a% bL_
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6.4.10 Example: Find the mass moment of inertia /_ for the
tnangular plate about the COM
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6.4.11 Moments of inertia for 2D bodies

Hollow disk

Slender rod
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Example 6.4.14: The rods each have mass m and are welded together. (2-)
Find
(1) 1z . G*
(2) L. . :
(3) I J | i (1)

B ; M - O = : 2
(From tables Slender rod ' : | Ig. =—L° L

— | 12
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Torn= MAY 4 m _é.)L +.m_L_"+m(z."'+(£:.)" = 5 mL*
P ~ 12 2 3
"— N — -
Bar (1) Bar (Z)

Frol Len wih, pamlle] oxis Fheorem

12 L a
Tou = Tgn + 2m [(3)"+ (£} 5 Tan=Emt



415 _Rnaulac _mpmentum and AE of o body

faﬁzﬁm abowt A ﬁqﬁm ,ﬁamz‘
Method A i Use jmem/ Foomnlas

(Sech 6-4-3 6-4-9)
Method _2) ( Wfaéﬁ’rl

() Finot I, (paale] ass Fim) @'
(Z) L/J'ﬂ b = Io w g 3] AY i
T= J‘ w Loy

h: IOZ.Z, Mzk ZJ)
T+ L Loy, W'




@
Example: Find the angular momentum and Kinetic l G L3
energy of the bar | :
-
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Deriving the inertia formulas

(1) Prove the angular momentum formula h=rg xMv; +1,0

(2) Prove the kinetic energy formula T = %M‘TGF + %m-IGm

i s

(3) Prove the parallel axis theorem I, =I,+M[(b-b)I-b®b]

(4) Prove the rotation formula I, = RIERT

(5) Derive the time derivative of the inertia matrix % =WI,-I, W



Review of some previous results

Totalmass M= > m,

Particles

J .
Position of COM (definition)  r, =% S omp coMm
i¥L Particles
Property of COM (see L10 for proof) d,=r,-r;= > md, =0 m,

Partic les

For rigid body jdpdV =0
4

Angular momentum of a system of particles (see L10 for proof)

W' = v, x My, + Z d,xm,(v.—vg)

Particles

Rotation and spin matrices RR’ =R’R =1 W=—R’ W =-w

Rigid body kinematics formula V; — Vg =®X (r; —15)



Proof of the angular momentum formula

Prove h=rgxMvg+Ige with I,= ) m.[(d,-d,)1-d,@4d ]

Particles

(1) Angular Momentum h=r,xMv,+ > d xm(v,-v)

Particles

(2) Rigid body formula  v; —vg =@ x(1; —15) =0 xd;

(3) Combine h=r;xMvg+ 2 md, xexd,

Particles

(4) Triple cross product formula axbxe=(a-c)b—(a-b)e
(5) Factor (@;-d))o-d;(d; -©)=[(d;-d;)1-d; Od;|e

Hence h=r;xM;+ > m[d, -d)1-d,0d]|e
Partidles

h=1rg<xMvg +150




Proof of the kinetic energy formula

Prove T=%M|1'G|2 +%m-IGm with I,= > m][(d, -da)1-d @4 ]
Particles

By definition 7= Y %m;v,w,—

particles

Rigid body formula v, -vg=ox(;-rg)=v;=vg+oxd,

. 1 1
Combine T= > Erir;t*j-i'j= > Em;(rgﬁmxd;)-(vg--mxdf)

particles particles
1 | 1 |
Expand =(vg-vg)=| D, mifvg- ox D md, +> > mi(oxd;)-(0xd;)
- \particles \ particles | = particles
'ﬁ\ Y T\\ 0

Recall vector formula (axb)-(exd)=(a-c)(b-d)—(b-c)(a-d)

=(exd;) (0oxd;))=0-o)(d;-d;)-(o-d; )2

.
Factor (0-0)(d;-0;,)-(0-0;) =0-[(4,-0,)1-4d, @4, |o
Hence l 1 L o v 1
T=—MvG-vG+= Z; ©-[(d;-4;)1-d; @d; Jo = |T=-Mvg vg+-0Igo
“ “ particles = =




Proof of the parallel axis theorem

Prove I,=I,+M[(b-b)1-b®D]
I = [[@-d)1-d®d]pdV

V

I,= _[ (r-r)1-r®r|pdV

Geometry r=b-d
Substitute I, =[[(b—d]-[b-d]1-[b-d]®[b-d]]paV
4

Expand 1, =j[(d.d)1-d®d]pdr+jpdv :(b-b)l-b®b]-2{b-jdpdb’ 1+b®jdpdp'+jdpdrf @b
4 v :

r_.!'

ST <_ 7=

I, =1, +M[(b-b)1-b®b]




Proof of the inertia rotation formula

Prove I, =RI;R™ yith Igzj'[(p-p)l—pc@p]pdrf
If

I, = I[(r 1)1-1®r| pdV
V

(1) Rotation formula r=Rp

(2) Substitute 1, = J[(Rp ‘Rp)1-Rp ®Rp| pdV
)

(3) Linear Algebra Formulas (A:i-{Bb]ﬂ-[:ATB)b Aa®Bb=A(a®b)B/
(4) Orthogonalityof R R'R=RR’ =1

(5) Rearrange integrand in (2) [(Rp-Rp)1-Rp @Rp] =[(p ‘R"Rp)RR’ -Rp®pRT]

(6) Factor IG=R-{I[(p-p}l-p@p]pdV}Rr —1I,=RI,R’
)




Time derivative of the inertia matrix

dl
Prove 0 Wl -1 W
dt

(1) Rotation formula I, =RI R’

T
(2) Time derivative dl, — dRIgRT +RI dR
dt dt dt 1
‘/ ] T
(3) From (1) R'LR=I7 = %o R pry gr7), RR7T,R R
dt | dt dt
\—W \ -w!
(4) Recall W =-w
dl
(5) Hence Co WL, -1 W
I
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